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Section 1

What is (Quantum) Control Theory?
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(Classic) Control Systems Theory

Controlled dynamical system:

x = f(x,t,u) (1)
x € R™ state, u:R — U C R™ control (usually, m <n)

AIM: to choose a control function 1(t) in order to drive the system at some target
state, eventually optimizing some properties/performances (optimal control)
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(Classic) Control Systems Theory

Controlled dynamical system:

x = f(x,t,u) (1)
x € R™ state, u:R — U C R™ control (usually, m <n)

AIM: to choose a control function u(t) in order to drive the system at some target
state, eventually optimizing some properties/performances (optimal control)

Reed-Sheep car

X =14 cos(0)

Y =u, sin(0)
0 = utan(¢)
<i> =uz

F. C. Chittaro (LIS UMR CNRS 7020) Quantum control

February, 10th 2023



(Classic) Control Systems Theory (contn’d)

In system control theory, two kinds of controls are used:

o open-loop controls: the values of the function u(t) are defined before
implementation

o closed-loop or feedback control: the controller acts on the basis of
information that it obtains about the state of the system

(e.g. u(t) = K(Xtarget — Xmeas(t)))

Xtarget 4+

A 4

Xmeas
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Quantum Control

(QUANTUM CONTROL)

Quantum control concerns the manipulation of quantum systems, by means of
external fields (the controls), measurements, suitably engineered interactions, with
the aim of steering an initial state to some target state, possibly according to some
optimality criterion.
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Quantum Control

(QUANTUM CONTROL)

Quantum control concerns the manipulation of quantum systems, by means of
external fields (the controls), measurements, suitably engineered interactions, with
the aim of steering an initial state to some target state, possibly according to some
optimality criterion.

Motivations and aims:
@ because we are interested in mathematical problems
@ prepare and/or stabilize a state
o create entangled pairs
@ protect a state
o NMR
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What can be used as a controls?

(Coherent control)

External control fields (e.g., tunable electromagnetic fields) added to the free
evolution of the system.

(Under reasonable approximations) we can write the controlled Hamiltonian as
m
H(u(t)) =Ho+ ) _1j(t)H;
j=1

Hy free Hamiltonian (free evolution of the system)
Hj external fields (e.g., electromagnetic field - semi-classical potentials)
u; controls (field amplitudes, time-dependent)
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What can be used as a controls?

(Coherent control)

External control fields (e.g., tunable electromagnetic fields) added to the free
evolution of the system.

(Under reasonable approximations) we can write the controlled Hamiltonian as
m
H(u(t)) =Ho+ ) _1j(t)H;
j=1

Hy free Hamiltonian (free evolution of the system)
Hj external fields (e.g., electromagnetic field - semi-classical potentials)
u; controls (field amplitudes, time-dependent)
Other kind of controls
® measures
o feedback control (by measurement of ancilla, or by observer design)

@ switching noise
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Coherently controlled quantum systems : examples

The state of the system evolves according to the controlled Schrédinger equation
(CSE)

i = H(u(t))w
Examples :

@ Qubit driven by a magnetic field oriented along x-axis

w 0 0o 1
P e C?, H(u):(o _w)+u<1 0)

. —iwt
under the free evolution, a state g = ( { ) evolves as ( %eii’t )

@ Driven Harmonic Oscillator

P € H2(R), H(u) = —
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Main questions in (Quantum) Control

o well posedness of the Cauchy problem (mostly in infinite dimension)

o controllability
study of the attainable set, that is, the set of states that can be attained by
means of some control

o observability
possibility of reconstructing the state of the system by partial measures of the
state

o control design
find out a control that induces the desired transition, eventually satisfying
some constraints and optimizing some criteria, and its properties (robustness,
regularity...)

o effective implementation
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Section 2

Coherent control of closed™ systems

(" i.e. the systems we saw up to now)
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Controllability
(Controllability between states)

Given an initial state Py € H and a target state ¢, do there exist a control
function u(t) and a time T > 0 such that the solution of the CSE with initial
condition g satisfies

B(T) =¢?

(Operator Controllability)
Consider the CSE for operators

d
thZp Ut to) = H(t, u(t)U(t, to), (CSEO)
where H(t, 1) is a self-adjoint operator on H.

Given some target unitary operator U on #, do there exist a control function u(t)
and a time T > 0 such that the solution of (CSEQ) with U(tg, tg) = 1 satisfies

U(T, to) = U?
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Finite dimensional systems

In finite dimension, 7 = CN and the states live in the unit sphere SY.
The problem has a natural formulation in terms of Lie groups: we consider the
subgroup G C U(N) containing all elements of the form

uv(t) = e_ihHVta

where H, = Hg + ZviHi.
i

The system is controllable if and only if the action of G is transitive on SY.
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Finite dimensional systems

In finite dimension, 7 = CN and the states live in the unit sphere SY.
The problem has a natural formulation in terms of Lie groups: we consider the
subgroup G C U(N) containing all elements of the form

Uy (1) = e,

where H, = Hg + ZviHi.
i

The system is controllable if and only if the action of G is transitive on SY.

Theorem (LARC - Lie algebraic rank condition)

The system is controllable if and only if the Lie algebra generated by
iHo, iH4,...,iHmn

is isomorphic (conjugate) to sp(%) or to su(N), for N even, or to su(N), for N odd.
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Controllability of infinite dimensional systems

In infinite dimension
o the typical Hilbert space is [2(Q,C), Q C R™.

o the typical free Hamiltonian has the form

62

T2 +V(x) —A+V(x)

where V is a potential (i.e., some function on Q).
A PDE control! unbounded operators!

o the typical controlled Hamiltonian are some potentials W/(x).

A existence of solutions guaranteed only under some regularity assumptions
on u(t) and on the domain of H(u(t))
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Controllability of infinite dimensional systems

Theorem (Ball-Marsden-Slemrod, 1982 and Turinici, 2000)

We consider the Hamiltonian
—A+ V(x) +uW(x),

u € L7, v > 1. If the operator\ — WA is bounded, then the set of attainable points
has dense complement in the Hilbert sphere.

= in infinite dimension, controllability rarely holds. We could thus inspect
o Controllability in more regular spaces (as H?O), H?o)) !

o Approximate controllability (want to attain any point in a ball of radius €
centered at the target state)

o Controllability between eigenvectors of the free evolution Hg.

e Controllability using unbounded operators.

"works from Beauchard, Coron, et al.
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Control design techniques

For closed quantum systems, all control techniques of classical control can be
implemented, such as
@ optimal control
o Lyapunov function design
o geometric methods (as Lie brackets), possibly coupled with some Galerkin
approximation, in infinite dimension
These techniques rely on the existence of a countable basis of H, made of
eigenvectors of Hp, and their special role in the free evolution of the system

Of course, as we cannot measure the system, the control must be computed offline
and implemented afterwards.
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Stabilization of an ensemble of spins

In the following we consider and ensemble of Bloch equations, in the case
o the component B, is constant in time, and presents large dispersion;

o & C I, where I is a finite interval;

@ the components (By, By ) are the controls and present negligible dispersion.
The system is thus

q [ e 0 —e W Xe
T lve| =1 e 0 w2 | [ye 2
Ze —u —uy 0 Ze

where By (t) = uy(t), By (t) = uz(t), B.(r) = e(r).

Problem (ensemble stabilizability)

We look for a control functionu : [0, +00) — R? such that, for every e € £, the
solution of (2) is sent to

F. C. Chittaro (LIS UMR CNRS 7020)

Quantum control February, 10th 2023



Convergence to X~

Theorem (Chittaro-Gauthier, 2018)

There is an open dense set G C S such that for every X € G we have that

im ¢ (X) =X

t—+o0

The proof is based on the following facts:

e by Hadamard Perron Theorem, for every Q € Z there exist the C' stable and
unstable manifolds Wai,Wéi cS

o the set of initial conditions that do not reach asymptotically X is

B = U WS )
QeZ,Q#X™

that is, B is the finite union of C! manifolds of codimension at least 2; then its
complementary G is dense

@ by continuity with respect to initial condition, B is closed, then G is open.
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Section 3

Open quantum systems
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Feedback control of quantum systems

Feedback control can be implemented in quantum settings also; we may have

o measure-dependent controllers (aka with “classical feedback”): stochastic,
irreversible , may be destructive

L Sys 1
/7'\ Pmes
—
M
classical |
controller ) ll’target

o “with coherent quantum feedback”: the controller is a quantum system ancilla,
entangled with the system-to-control. Quantum feedback is deterministic
and nondestructive. It may be used to generate (transfer) entanglement.

@ quantum controllers with weak measures: stochastic, irreversible, but weakly
affects the system
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Coherent quantum feedback - example

Aim: set the qubit system S in the state 1p = (2). v=(8)e (@) e(3)

The initial state of the qubit is some (unknown) l
¥ =().
First of all, we entangle the system with an ancil- G®l
lary bipartite system V + C, whose initial state is iy
2 _ (0 — Y
setto (9) ®. W*<1)®S’é“)®<6>
Then, apply a suitable sequence of gates.
1®G
T
v=(9e (l’év) @ (%)
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Measure assisted quantum feedback

@ coupling of the system with an ancillary system

o doing projective measurement of the ancilla
— we get partial information on the system, but we are perturbing it weakly

@ implement some control, accordingly with the obtained information
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Measure assisted quantum feedback

@ coupling of the system with an ancillary system
o doing projective measurement of the ancilla
— we get partial information on the system, but we are perturbing it weakly

@ implement some control, accordingly with the obtained information

W(O) = II)S ® Pa
W(t) = U (bs ® o) = X107 5 45 ()i @ o
A in general W(t) is not factorized for t > 0

Let us measure the observable A of the ancilla only.
(assume for simplicity that @; are eigenvectors of A).

If this measure gives the result Ay, then the state of the system immediately after
the measurement is

LMYt Y% cpt)v @ o

V), (L@ TH)Y(L) SIS ey (1)
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How to deal with measures and noises ?

<
I

<
I

Nis

=

The state vector formalism cannot take into account the ignorance of the issue of
the measure.

— We must extend the formalism, in order describe eventual lacks of information?
on the state vector.

Zepistemic probability
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Density matrix formalism

We exploit the bijection between unit vector and projectors on the generated
eigenspace:

o with each® { € H, with ||| = 1, we can associate one and only one
orthogonal projector Ty, = ) (Yl. pure states
@ We can then consider convex combinations of such projectors. mixtures

3modulo a global phasis, P ~ et®
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Density matrix formalism

We exploit the bijection between unit vector and projectors on the generated
eigenspace:

o with each® { € H, with ||| = 1, we can associate one and only one
orthogonal projector Ty, = ) (Yl. pure states
@ We can then consider convex combinations of such projectors. mixtures

() withP =3V (§) with P =1 & (2,9,

A density matrix on H is a self-adjoint positive operator of trace one on H.

The quantity trp? permits to distinguish pure states (trp? = 1) from statistical mixtures
(trp® < 1).
For this reason, it is called purity.

3modulo a global phasis, P ~ et®
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Density matrix formalism contains vector state one

Assume that the state of the system is described by the density matrix p, and let A
be an observable, associated with the operator A. Then

o The expectation value A is given by E[A] = tr(Ap)
o Assume that we perform a measurement of A.

o If the measurement gives the result A, then the state of the system immediately

after the measurement is
TTApTT

tr(ﬂ;\ p) '
o In the case where the measurement result is not known, the post-measurement
density operator is instead described by

> Ml

ueSpec(A)

o p evolves according to the von Neumann equation

at” T w
or, equivalently
p(t) = U(t, to)p(0)UT(t, to).
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Interaction with the environment

No real system is isolated.

To take this into account, one should write the
Schrédinger (or von Neumann) equation for the
system, coupled with all other particles in the en-
vironment, for instance

H =12(R,C) @ H,
H:He®1+1®Hs +Hint
“+o0
H. :J hwa (w)a(w) dw

—00

Hint = J+oo ihk(w) (a(w) ® o_ — a(w) ® 04) dw

—00

w = frequency of the photon/phonon.
af(w) creation operator of a photon/phonon of frequency w (energy haw).
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Interaction with the environment

Under some reasonable assumptions (weak coupling between environment and
system, Markov approximation, averaging...), one can come up with an effective
model, the Lindblad-Kossakowski equation

. i 1

p= —¢Hsys, ol +> FupF| — E(FTFp + pF'F)
N—— k
von Neumann

dissipation

Fx are called jump operators, dissipation channels....
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Interaction with the environment

Under some reasonable assumptions (weak coupling between environment and
system, Markov approximation, averaging...), one can come up with an effective
model, the Lindblad-Kossakowski equation

. i 1

p= —¢Hsys, ol +> FupF| — E(F*Fp + pF'F)
— k
von Neumann

dissipation
Fx are called jump operators, dissipation channels....

The solution of such equation has the form p(t) = } | M|p(0)My, where
o the My are not uniquely determined
@ in general, they are not unitary

@ even in low dimension, it is hard to find them
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Adiabatic elimination for bipartite open quantum systems

H(u) Hmt
Bipartite systems u A B p density matrix on
Ha @ Hp
a—‘: = —i[H(u) @ idg, pl + (D ®idp) (p) — i[H1, p] —ilida © Hg, p]

Framework: reservoir engineering, where the goal is to design the dynamics of a
target subsystem (B) by properly choosing its interaction with the other subsystems
(A).

— it is necessary to rigorously compute the reduced dynamics associated to B (not
an easy task)

4Coherent Oscillations inside a Quantum Manifold Stabilized by Dissipation'S. Touzard et-al., PRX 8
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Adiabatic elimination for bipartite open quantum systems

H(u) Hmt
Bipartite systems u A B p density matrix on
Ha @ Hp
a—f[’ = —i[H(u) @ idg, pl + (D ®idp) (p) — i[H1, p] —ilida © Hg, p]

Framework: reservoir engineering, where the goal is to design the dynamics of a
target subsystem (B) by properly choosing its interaction with the other subsystems
(A).

— it is necessary to rigorously compute the reduced dynamics associated to B (not
an easy task)

Motivating example?

dp

A GA A GA
i — A A ]+Y(0'_APO':\— o/totp+po/t o

ulo* —a™, p 3 ) —ixlo. @ o2, p]

o i =01 ®1
4Coherent Oscillations inside a Quantum Manifold Stabilized by Dissipation'S. Touzard et-al., PRX 8
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Adiabatic elimination for bipartite open quantum systems

(Azouit-FCC-Sarlette-Rouchon (2017))

Systematic procedure to get an effective description of the dynamics of the
subsystem B under the assumptions that

o the systems are weakly coupled

o the dissipation is strong

Main tools:
@ Asymptotic expansion in powers of the coupling constant
o Singular perturbation theory
o Centre manifold theory
In particular, in the example cited above, we computed the effective reduced
dynamics
i (v +2u%)
(v2 + 8u2)?

do v

B 2. 2
at 1Xm[0'z , Pl + 64yx-u

(cPpof —p).

enlightening the absorption/emission? of two photons by the qubit B.
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Controllability of Lindblad equation

By topological reasons, Lindblad equation is never finite-time controllable: some
states can be attained in infinite time only.

. . . H(‘LL Hint
What if we are interested only in the reduced state of - A B

a bipartite system? —

More precisely

@ is it possible to “protect” the subsystem B from dissipation, that is, to
implement a unitary dynamics on B, at least on some submanifolds?

@ is it possible to “control” the state pg, regardless of p?
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Controllability of Lindblad equation

By topological reasons, Lindblad equation is never finite-time controllable: some
states can be attained in infinite time only.

. . . H(‘LL Hint
What if we are interested only in the reduced state of - A B

a bipartite system? —

More precisely

@ is it possible to “protect” the subsystem B from dissipation, that is, to
implement a unitary dynamics on B, at least on some submanifolds?
@ is it possible to “control” the state pg, regardless of p?
We gave some partial answers to these questions:
o indeed, there exist a family of reduced states pg that are never attainable in
finite time

o for some specific dynamics, it is not possible to “protect” pure states.
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Quantum controllability in finite dimension
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Quantum feedback
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spread controllability of bilinear CSE

Hypotheses

o the spectrum of the free Hamiltonian
contains a discrete part well separated from the rest
— allows to apply adiabatic Theorem

o This portion is
connected
— allows to “climb” energy levels

o the intersections between energy levels are conical
— allows to spread) occupation probability
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Invariant manifold

% = La(p) — €i[Hin, p] + €L (p) ®)

If e =0, then p()\+B converges to pA ® t"A(P(/)\+B)-
If e < 1, we can assume that the state of the system will remain close to some
PA @ pB(t).

Key idea: there are a reduced dynamical system

d

at = Ls(ps) ps € Hp

and a super-operator X : Hg — H such that the state p € H solution of (3) can be
written as

p = XK(ps).
ps slow variable, Im(X) slow manifold
We also require that
o Kisa CPTP map
e L, isin Lindblad form
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Asymptotic expansion

Develop KX and £ in powers of e:

K =%Ko+eXs+ Ko+
Ls :Ls,0+€Ls,1+€2£’s,2+"'

so that

—K(ps) = — =Lalp) + eLin(p) + eLr(p)
K(Lslps)) = =La(K(ps)) + eLint(K(ps)) +eLp(p)
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Main remarks

o At the first order, we recover a term that correspond to the Zeno dynamics
o at the first order, there is no dissipation induced by the coupling.

o The first order map Ko + €Xy is not factorised; that is, at the first order the
interaction Hip; produced entanglement between the two sub-systems.

o [ contains some dissipation channels, even when Lg = 0; in particular, a
Hamiltonian interaction between the two sub-systems results in a dissipative
dynamics acting in the system B.
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Jaynes-Cummings model

It models the interaction between photons and spins (qubits)

H =12%(R,C) @ H,
H=H, ®1+1&H, + Hi
Hyz’th(aTa+1)
_’ﬁwscr
=50
H =h&(a+al) @ (o +0_)

Hs

In interaction picture,
Hint = hE (a @ o_e Hwvtwt 4 of @ g, etlwytws)t

ra® O_+e1'.(wy—ws)t + aT ® (T,e_i(wy_wS)t)
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