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Section 1

Quantum Mechanics postulates
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Postulate 1: State Space

Associated with any isolated physical system is a complex separable Hilbert space
H (i.e., vector space with inner product), known as the state space of the system.
The system is completely described by its state vector ψ, which is a unit vector in
H.

In finite dimension, H = Cn.

QUBIT : 2 dimensional unit vector ψ =

(
a
b

)
, with |a|2 + |b|2 = 1

Some physical systems are naturally described in infinite dimensional Hilbert
spaces : atoms (L2(R3n, C)), harmonic oscillator (L2(R, C)), trapped particles
(L2([0, 1], C)) . . .

(QUANTUM SUPERPOSITION)

H is a linear space: any two (or more) quantum states can be added together
(“superposed”) and the result1 will be another valid quantum state.

1provided that it has unit norm
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Notations

Physicists’ notation: ψ is denoted with |ψ⟩ (“ket”), and its dual ψ† is denoted
with ⟨ψ| (“bra”)

|ψ⟩ =
(
a
b

)
⇒ ⟨ψ| = (a∗ b∗).

so that ψ†ψ = ⟨ψ|ψ⟩ = |a|2 + |b|2

The qubit state
(

1
0

)
is also denoted with

|1⟩ |↑ ⟩.

Analogously, the qubit state
(

0
1

)
is also denoted with

|0⟩ |↓ ⟩.

(they are the eigenvectors of the spin along z, ŝz = 1
2

(
1 0
0 −1

)
, see Postulate 2).

The basis of C2 made by {|0⟩, |1⟩} is called the computational basis.
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Postulate 2: Observables

Every physical observable A corresponds to a self-adjoint operator Â whose
eigenvectors form a complete basis.

for a qubit, typical observables are its components along the three axes x,y, z

ŝx =
1
2

(
0 1
1 0

)
ŝy =

1
2

(
0 −i
i 0

)
ŝx =

1
2

(
1 0
0 −1

)
.

Typical observables in infinite dimension are, for instance, (each component
of) the position x̂, the momentum −i h ∂

∂x
, the angular momentum, the

energy...
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Postulate 3: Time evolution

The time evolution of the state vector ψ(t) is governed by the Schrödinger
equation

i h
d

dt
ψ(t) = H(t)ψ(t),

where H(t) is the observable associated with the total energy of the system (called
the Hamiltonian).

formally H is just any auto-adjoint operator

In quantum information framework, Postulate 3 is also stated as follows:

The evolution of a closed quantum system is described by a unitary
transformation.

The state ψ(t1) of the system at time t1 is related to the state ψ(t0) of the system
at time t0 by a unitary operator Ut1,t0 , which depends only on the times t0 and t1

ψ(t1) = Ut1,t0ψ(t0).
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Postulate 3: Time evolution

The two versions are equivalent:

for finite dimensional time-independent Hamiltonians (i.e., Hermitian
matrices), Ut1,t0 is just the matrix exponential

Ut1,t0 = e
−i hH(t1−t0)

for finite dimensional time-dependent Hamiltonians, Ut1,t0 is the solution of

Ut1,t0 = 1 +

∫t1

t0

H(s)Us,t0 ds

in infinite dimension (eventually under some additional hypothesis, in the
time-dependent case), Stone-von Neumann Theorem assures that H(t) is the
generator of a unitary evolution (semi)-group U(t, t0).
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(Single qubit) Quantum gates

Unitaries that perform logic operations on a single qubit.

(
0 1
1 0

)
NOT GATE

(
1 0
0 −1

)
Z GATE

1√
2

(
1 1
1 −1

)
HADAMARD GATE

(
e−iβ/2 0

0 eiβ/2

)
PHASE SHIFT

(
cos θ − sin θ
sin θ cos θ

)
ROTATION

� Any unitary matrix specifies a valid quantum gate

� An arbitrary single-qubit quantum gate (2 × 2 unitary matrix) may be
decomposed as a product of a rotation and two phase shifts.
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Remarks on the time evolution

The Hamiltonian (i.e., induced by the Schrödinger equation) time evolution of ψ is

unitary and deterministic .
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Postulate 4a: Measure of an observable

The only possible result of the measurement of an observable A is one of the
eigenvalues (elements of the spectrum, if Â is unbounded) of the corresponding
operator Â.

In quantum circuits, measures are usually denoted with the symbol M

Consider a qubit in the state ψ =
(
a
b

)
.

Spec(ŝx) = { 1
2 ,− 1

2 } ⇒ the issue of a measure of the x-component of the spin (ŝx)
may only be ± 1

2

What is the meaning of a and b ?
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Postulate 4b: Expectation values of the observables

If a measurement of an observable A is performed while the system is in a generic
state ψ, the probability of obtaining the (simple) eigenvalue λ is given by the square
of the inner product of ψ with the eigenvector of Â corresponding to λ

P(M(A) = λ) = |⟨φλ,ψ⟩|2

The eigenvector of ŝx corresponding to the eigenvalue 1
2 is φ+ = 1√

2

(
1
1

)
The eigenvector of ŝx corresponding to the eigenvalue − 1

2 is φ− = 1√
2

(
1
−1

)
⇒ if we perform a measurement of the observable sx of a qubit in the state
ψ =

(
a
b

)
, we obtain

the value 1
2 with probability |⟨ψ,φ+⟩|2 = |a+b|2

2

the value − 1
2 with probability |⟨ψ,φ−⟩|2 = |a−b|2

2

Remark |a−b|2

2 + |a−b|2

2 = |a|2 + |b|2 = 1
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Postulate 4b: Expectation values of the observables

We recall that, as Â is Hermitian, then

its eigenvalues are real

its eigenspaces are mutually orthogonal

we can write Â =
∑

λ∈Spec(Â) λ · Πλ,
where Πλ is the projection onto the eigenspace relative to the (eventually
degenerate) eigenvalue λ

Thus, if Â has degenerate eigenvalues, Postulate 4b becomes:

If a measurement of A is performed while the system is in a generic state ψ, the
probability of obtaining the (multiple) eigenvalue λ is given by ∥ΠλÂ∥2.

In the infinite-dimensional case (with possibly continuous spectrum), the Spectral
Theorem provides a rigorous framework for Postulate 4b.
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Postulate 4c: Effect of measurement on the state

(Projective (aka von Neumann, von Neumann-Lüders) measurements )

If the measurement of the physical quantity A on the system in the state ψ gives
the result λ, then the state of the system immediately after the measurement is

Πλψ√
⟨ψ,Πλψ⟩

Two sequential measurements of the same observable will always give the same
value, assuming the second immediately follows the first.

The measure is a

non-unitary and stochastic

operation on the state of the system.
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Probabilistic interpretation of the state vector

Assume that we prepare a large number of quantum systems in identical states ψ,
and then perform measurements of some observable A on these systems.

The results of the measurements are a random variable with values in Spec{Â} and
whose expectation value is given by

E[A] = ⟨ψ, Âψ⟩ =
∑

λ∈Spec(Â)

λ ∥Πλψ∥2.

Assume that ψ is an eigenvector of Â, relative to the eigenvalue λ.
If we perform a measure of A, we obtain the value λ with probability equal to 1.
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Probabilistic interpretation of the state vector

H
ψ =

(
1
0

)
ψ = 1√

2

(
1
1

)

ψ =
(

1
0

)

ψ =
(

0
1

)

sz = 1
2 with P = 1

ŝz

sz = 1
2 with P = 1

2

sz = − 1
2 with P = 1

2

H = 1√
2

(
1 1
1 −1

)
HADAMARD GATE
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Probabilistic interpretation of the state vector
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1
1
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(

1
0

)

ψ =
(

0
1
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H

H

ŝz

P 1
2
= 1

2

P− 1
2
= 1

2

P 1
2
= 1

2
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2
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Probabilistic interpretation of the state vector

To sum up

1√
2

(
1
1

)
is different from “

(
1
0

)
with probability 1

2 and
(

0
1

)
with probability 1

2 ”

We say that 1√
2

(
1
1

)
describes a ontological probability, while the latter

expression describes an epistemic probability.
a measure affects the system even if we do not read out the result
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Incompatible observables and Heisenberg’s Principle

Consider a quantum system in some state ψ, and assume that you want two
measure two observables A and Q, respectively associated with two operators Â
and Q̂ such that

[Â, Q̂] ̸= 0.

How to compute the probabilities?

It’s simple: you can’t.

It is not possible to perform an instantaneous projective measure of two observables
associated with non-commuting operators (such observables are, actually, called
incompatible observables).
If one needs to measure to incompatible observables, there are two possibilities:

do not perform them at the same time

do not perform a projective measure. 2

2for more details, see POVM
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Incompatible observables and Heisenberg’s Principle

Consider a quantum system in some state ψ.
We already saw that the expectation value of an observable A is E[A] = ψψ, Âψ⟩.
Its variance is

V[A] = E[A2] − E[A]2

=
〈
ψ,

(
Â2 − ⟨ψ, Âψ⟩Â

)
ψ
〉

,

and the standard deviation is defined as σA =
√
V[A].

By some computations, it is possible to prove that, for any pair of observables A,Q,
the following inequality holds true:

σAσQ ⩾
1
2

∣∣⟨ψ, [Â, Q̂]ψ⟩
∣∣
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Postulate 5: Composite systems

The state space of a composite physical system is the tensor product of the state
spaces of the individual component physical systems.
If one component is in state ψ1 and a second component is in state ϕ2, the state of
the combined system is ψ1 ⊗ ϕ2.
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Section 2

Entangled states and EPR paradox
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Bipartite entanglement

We consider a system composed by two subsystems A and B (for instance, two
qubits). Postulate 5 tells us that the Hilbert space of the system A+ B is
H = C2 ⊗ C2 ≃ C4.

Possible elements in H:(
0
0
0
1

)
=

(
0
1

)
⊗

(
0
1

)
(also written |0⟩ ⊗ |0⟩ or |00⟩)(

0
1
0
0

)
=

(
1
0

)
⊗

(
0
1

)
(also written |1⟩ ⊗ |0⟩ or |10⟩)( 1/

√
2

0
1/

√
2

0

)
= 1√

2

(
1
1

)
⊗

(
1
0

)
(also written |1⟩+|0⟩√

2
⊗ |1⟩ or |11⟩+|01⟩√

2
)

( 0
−1/

√
2

1/
√

2
0

)
= 1√

2

((
0
1

)
⊗

(
1
0

)
−

(
1
0

)
⊗

(
0
1

))
(also written |01⟩−|10⟩√

2
)
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Bipartite entanglement

Let H = HA ⊗HB (possibly, dimHA ̸=dimHB)

a state Ψ ∈ H that can be written as the product ψA ⊗φB, for some
ψA ∈ HA, φB ∈ HB, is called a factorized state
a state Ψ ∈ H that cannot be written as the product ψA ⊗φB is called an
entangled state

� the property of a state in H of being entangled does not depend on the choice
of the bases of HA and HB!

The definition can be generalized to multi-partite systems
(H = HA ⊗HB ⊗HC ⊗ · · · )

Entangled system do commonly exist in nature. For instance, the spins of the
proton and the electron in the hydrogen ground state/zero momentum are in
the entangled state

|01⟩− |10⟩√
2
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Philosophical Intermezzo

In physics and in natural sciences in general, two hypotheses are implicitly assumed

Realism If, without perturbing the system, it is possible to predict with
certitude the issue of the measure of an observable of the system, then there is
an element of reality associated with the observable, i.e. the system “possesses
independently on any observer that property”.

Einstein’s locality No influence of any kind can propagate faster than the
speed of light.
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Einstein-Podolsky-Rosen argument

√
2

BOBALICE

ŝu ŝu

To resume: if Alice and Bob measure the component of ŝu on their qubit, whatever
the choice of u ∈ S2, they always obtain the opposite result.

Under the hypotheses (R) and (EL), this suggests that QM is not complete.
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ŝu ŝu

To resume: if Alice and Bob measure the component of ŝu on their qubit, whatever
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A thought experiment

√
2

ŝu
u = a,a ′

ŝu
u = b,b ′

According to the (random) issue of the toss of her coin, Alice chooses to measure ŝa
or ŝa′ , where a,a ′ ∈ S2. Analogously, according to the (random) issue of the toss of
his coin, Bob chooses to measure ŝb or ŝb′ , where b,b ′ ∈ S2.
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Classical probabilities: CHSH inequality

Assume that we have 4 random variables XA,XA′ ,XB,XB′ ,
each of them can only assume either the value + 1

2 or the value − 1
2 , following a

Bernoulli law.
Consider the random variable

Y = XAXB − XA′XB + XAXB′ + XA′XB′

= (XA − XA′)XB + (XA + XA′)XB′

Y can assume only the values + 1
2 or − 1

2 . Thus, is must necessarily be

−
1
2
⩽ E[Y] ⩽

1
2

,

that is,

|E[XAXB] − E[XA′XB] + E[XAXB′ ] + E[XA′XB′ ]| ⩽
1
2

.
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Quantum Mechanics: violation of CHSH

Let us now treat the possible issues of the measures of ŝa, ŝa′ , ŝb and ŝb′ as the
random variables XA,XA′ ,XB,XB′ , and let us compute their statistics using the
rules of QM.

To simplify computations, we choose u =
( sin(θu)

0
cos(θu)

)
, u = a,a ′,b,b ′.

We obtain

E[Y] = ⟨ψ,
(
ŝaŝb − ŝa′ ŝb + ŝaŝb′ + ŝa′ ŝb′

)
ψ⟩

=
1
4

(
cos(θa′ − θb) − cos(θa − θb) − cos(θa′ − θb′) − cos(θa − θb′)

)
,

whatever the choice of a,a ′,b,b ′.
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Quantum Mechanics: violation of CHSH

Choosing

θb = θa + ϕ

θb′ = θa − ϕ

θa′ = θa − 2ϕ,

we obtain

⟨ψ,
(
ŝaŝb − ŝa′ ŝb + ŝaŝb′ + ŝa′ ŝb′

)
ψ⟩ = 1

4

(
cos(3ϕ) − 3 cos(ϕ)

)
,

1/2

-1/2

ϕ

1
4

(
cos(3ϕ) − 3 cos(ϕ)

)

There is no hidden-variable theory satisfying the local realism hypothesis which
gives the same predictions of QM.
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(Some) Bell tests

Freedman and Clauser (1972): low energy photons.

Aspect (1982) : polarized photons.
The experience was arranged such that the choice between the two settings a
vs a ′ and b vs b ′ on each side was made during the flight of the photons

Pan et al. (2000) experiment on the GHZ state.
The first of new Bell-type experiments on more than two particles

Ansmann et al. (2009): superconducting qubits.
The first experiment with solid state qubits

Hensen et al., Giustina et al., Shalm et al. (2015) “loophole-free” Bell tests.
The first experiments without detection loophole or locality loophole
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Some references

M. Nielsen, I. ChuangQuantum Computation andQuantum Information
Cambridge University Press (2000)
“the bible of the quantum information field” (L. Grover)

G.C. Ghirardi Sneaking A Look At God’s Cards Princeton University Press
(2005)
History of QM, physical meaning and main interpretations of QM

S. Haroche, J.-P. Reymond Exploring theQuantum: Atoms, Cavities, and
Photons Oxford University Press (2006)

B. D’Espagnat TheQuantum Theory and Reality Scientific American (1979)
Review on Bell’s inequalities and experiences that prove their violation
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Section 3

Supplementary material
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Observables of composite systems

Consider a system composed by two subsystems A and B. The Hilbert space of the
system A+ B is H = HA ⊗HB.
Observables of the total system may be

physical quantities (e.g. spin, position, energy...) of the first subsystems only;
in this case, they are associated with operators of the form

Ô⊗ 1B

Ô being the operator associated to the observable OA of the system A

physical quantities (e.g. spin, position, energy...) of the first subsystems only;
in this case, they are associated with operators of the form

1A ⊗ Q̂

Q̂ being the operator associated to the observable Q of the system B

physical quantities of the total system: e.g. total angular momentum, total
energy...
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(Multiple qubit) Quantum gates

C-NOT gate : 
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


|00⟩ 7→ |00⟩ |01⟩ 7→ |01⟩ |10⟩ 7→ |11⟩ |11⟩ 7→ |10⟩

� Any quantum gate is invertible
� Universality : any multiple qubit logic gate may be composed by C-NOT and

single qubit gates.
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Positive Operator-Valued Measures (POVM)
Alternative (more general) formulation of Postulate 3c.

Quantum measurements are described by a collection {Mm}m of measurement
operators, satisfying the completeness relation∑

m

M†
mMm = 1.

The indexm refers to the measurement outcomes that may occur in the experiment.
When performing the measurement {Mm}m over a system in the state ψ, the the
probability that resultm occurs is

P(m) = ⟨ψ,M†
mMmψ⟩ = ∥Mmψ∥2

and the state of the system immediately after the measurement is

Mmψ√
⟨ψ,M†

mMmψ⟩
.
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Positive Operator-Valued Measures (POVM)

If we are interested only in the statistics of the measurement, without the necessity
for knowing the post-measurement state, then we “need” only the operators
M†

mMm (and notMn).

(POVM)

The statistics of any quantum measurement are described by a collection {Em}m of
positive self-adjoint operators satisfying the completeness relation∑

m

Em = 1

such that the probability that resultm occurs is

P(m) = ⟨ψ,Emψ⟩ = ∥Mmψ∥2.

Such operators are called Positive Operator-Valued Measures

Projective measures are special POVMs.
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Positive Operator-Valued Measures (POVM)

Suppose Alice gives Bob a qubit prepared in one of two states

ψ1 = |0⟩ or ψ2 =
|0⟩+ |1⟩√

2
.

No measure can distinguish non-orthogonal states.
Consider the POVM containing the elements

E1 =

√
2

1 +
√

2

(
1 0
0 0

)
E2 =

√
2

2 + 2
√

2

(
1 −1
−1 1

)
E3 = 1 − E1 − E2.

By computations,
⟨ψ2,E1ψ2⟩ = ⟨ψ1,E2ψ1⟩ = 0,

so that

if Bob measuresm = 1, then necessarily ψ = ψ1;

if Bob measuresm = 2, then necessarily ψ = ψ2;

if Bob measuresm = 3, then necessarily Bob does not know, but, at least, it
does not make mistakes.
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