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Who am I? 

• ENS Paris-Saclay M2 student in Physics

• 2021-2022: ARTeQ year (Quantum Information, Quantum Algorithms & Computer sciences)

• Internship 2021-2022:  Quantum spatial search with electric potential, P. Arnault & F. Debbasch

Motivations and Ideas:

• Quantum Computing and Simulations

• Designing Physics-inspired algorithm

• Solve Spatial Search problem by simulating a walker in a potential



Outline

• Review of Spatial Search Algorithms in 2D

• Quantum Walks with electric potential model

• Localization around the potential minimum

• Presence probability distributions

• Noise in the oracle
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SPATIAL SEARCH
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𝑁 black boxes and 1 contains a cat  

- You randomly pick one box and check it

-You surely find the cat by checking all 

boxes so in 𝑂𝑁→∞(𝑁) steps

Quantum world :

A Qubit = dimension 2 Hilbert space

𝑁 boxes = log2𝑁 qubits

Classical world :



Spatial Search algorithms in 2D

Fig: Schematic of Grover Algorithm
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Totally superposed state: 𝑠 = σ𝑘=0
2𝑁−1 1

2𝑁
|𝑘⟩

Target state: |0⟩

Initial state: |𝑠⟩

• Grover search (not a QW): 𝑈 = 2 𝑠 𝑠 −𝐼𝑁 (𝐼𝑁 − 2|0⟩⟨0|)

• Number of step 𝑇 = 𝑂 𝑁

• Probability of finding the target 𝑃 = 𝑂(1)

• Qubits required: log2𝑁 position

Portugal, R. (2013). Quantum walks and search 

algorithms (Vol. 19). New York: Springer.



Tulsi Quantum Walk

• Tulsi (2D):    𝑈 = 𝑍 𝑐1𝐶 𝑋−𝛿 𝑐1𝑆𝑓𝑓 𝑋𝛿
• 𝑇 = 𝑂( 𝑁 ln𝑁)
• Probability 𝑃 = 𝑂 1
• Qubits Required: 1 qubit ancilla, 2 coins,log2𝑁 position

• 𝛿 = 1/ ln𝑁
Fig: Tulsi Walk Circuit 

• AKR(2D) : 𝑈 = 𝐶 𝑆𝑓𝑓
• 𝑇 = 𝑂( 𝑁 ln𝑁)
• Probability 𝑃 = 𝑂 1/ ln𝑁
• Qubits Required: 2 coins,log2𝑁 position

𝑆𝑓𝑓:
𝑥, 𝑦,← → 𝑥 + 1, 𝑦,→

𝑥, 𝑦, ↑ → 𝑥, 𝑦 + 1, ↓

𝐶 = 2 𝑠 𝑠 −𝐼4 ⊗ (𝐼2𝑁 − 0 ⟨0|) − 𝐼4 ⊗ |0⟩⟨0|
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Tulsi, A. (2008). Faster quantum-walk algorithm for the two-

dimensional spatial search. Physical Review A, 78(1), 012310.



Roget et al. Quantum Walk

• Roget et al. (2D- square grid) : 𝑈 = ℛ2 𝑥, 𝑦 𝑆𝑦 ℛ1 𝑥, 𝑦 𝑆𝑥

• 𝑇 = 𝑂( 𝑁) and probability 𝑃 = 𝑂 1/ ln𝑁

• Qubits Required: 1 qubit coin, log2𝑁 position

• Physics inspired scheme !

Roget et al. "Grover search as a naturally occurring phenomenon." 

Physical Review Letters 124.18 (2020): 180501. 

𝑆𝑥,𝑦 are standard shifts operator

ℛ1,2 are standard rotation operators except on 

defects where it’s 𝐼2
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Grover vs Natural Physics

Roget et al. "Grover search as a 

naturally occurring 

phenomenon." Physical Review 

Letters 124.18 (2020): 180501.

Fredon et al. "Quantum spatial search with 

electric potential” Entropy 2022, 24(12), 

1778
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Quantum Walks with potential
Massless Dirac Fermion in an electric field 𝜓(𝑛𝜖) = 𝑒−𝑖𝜙 𝑥,𝑦 𝑛𝜖𝑒−𝑖ℋ𝐷𝑛𝜖|𝜓(0)⟩
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Trotter Suzuki + space-time discretization: Quantum Walks scheme with electric potential

𝑈 = 𝑒−𝑖𝜙 ൗ1 2
1 −𝑖
−𝑖 1

𝒮2
1 𝑖
𝑖 1

𝒮1

NB: 𝜖 = 1



Potential is the oracle 

• Choice Coulomb potential (atomic physics): 𝜙 𝑥, 𝑦 =
−𝑒𝑄

𝑥−Ω𝑥
2+ 𝑦−Ω𝑦

2

• 𝑒 = −1

• 𝑄 = 0,9

• Ω𝑥 = Ω𝑦 =
𝑁

2
−

1

2
: The center is not located on the grid !

Grover  Oracle: 𝐼𝑁 − 2|0⟩⟨0| = 𝑒𝑖𝜋|0⟩⟨0| Potential Oracle: 𝑒−𝑖 𝜖𝜙

• 𝜙 can be any (smooth) function on the grid

Idea: Spread colouring
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How to characterize

Probability distributionLocalization probability around the potential center
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𝑑𝑗,𝑝,𝑞 𝑁 = 𝜓𝑗,𝑝,𝑞(𝑁)
2

𝑃𝑗 𝑁 = ෍

𝑖,𝑘=±
1
2

|𝜓𝑗,Ω𝑥+𝑖,Ω𝑦+𝑘 𝑁 ቚ
2



Localization Dynamics

Fig: Rescaled localization probability 𝑁 × 𝑃𝑗 𝑁

What is the scaling of the big 

one ? 

First peak probability scaling: 

𝑂(1/𝑁)
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Localization dynamics

First peak time scaling: 𝑂 1 = 82

Second peak time scaling: 𝑂( 𝑁)→ is this

state of the art ?
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Zylberman & Debbasch. "Dirac Spatial Search with Electric Fields “ 

Entropy 2021, 23(11), 1441

Fig: Times 𝑗1(green) and 𝑗2 (blue) at which the localization 

probability 𝑃𝑗(𝑁) reaches a maximum



Localization Dynamics

Fig: Rescaled localization probability ln𝑁 × 𝑃𝑗 𝑁 .

NB: 30002 = 220 and 20 

qubits is the current

number of working qubits 

on IBM Q devices

Second  peak probability

scaling: 𝑂(1/ ln 𝑁)
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Localization Dynamics

• Two maximum behaviours are observed within using the same walk at different time steps

• The results was holding up to the current maximum working qubits of IBM Q services

• The time and probability scaling are state of the art for Spatial search with quantum walk up to 
amplitude amplification

• Looking at 𝑃𝑗 is not possible in real life (because the potential center is not known)

• Measuring the position → Probability distribution at maximum time  
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Probability distribution
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Fig: Probability distribution in the noiseless case for  𝑁 = 200; 500; 1000, 𝑗 = 𝑗1 (top plots) and 𝑗 = 𝑗2(bottom plots)

Height ratio (Brightness): 𝜂𝑗 𝑁 =
𝑑
𝑗,Ω𝑥+

1
2
,Ω𝑦+

1
2
(𝑁)

𝑑𝑗,1,1(𝑁)

𝜂82 200 = 160
𝜂82 500 = 163
𝜂82 1000 = 163

𝜂172 200 = 127
𝜂331 500 = 242
𝜂794 1000 = 1933



Probability distribution 

• The second peak behaviour is depending on the size of the system

• The first peak shows some scale invariance 

• The height ratio shows that the localization might be observed on a quantum computer

• Is the result noise tolerant ?

• Which type of noise ? 
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Noisy Localization Dynamics

𝑈2𝐷 = 𝑒−𝑖𝜙 ൗ1 2
1 −𝑖
−𝑖 1

𝒮𝑦
1 𝑖
𝑖 1

𝒮𝑥

• Noise in Physics: Langevin equation → The potential get a random term

• Simulating the phase gate implementation error

Potentiel is random

෨𝜙 = 𝜙𝑐𝑜𝑢𝑙 + 𝐵

• 𝐵 is generated randomly

• Constant Noise or temporal noise is irrelevant

• Spatial noise can is relevant 

• Spatio-Temporal noise will be quickly discuss at the end of the talk

Shift operator Noise: Shakeel, 

A. (2020). Efficient and scalable 

quantum walk algorithms via the 

quantum Fourier transform. 

Quantum Information 

Processing, 19(9), 323

Coin operator noise:Di Molfetta, 

G., & Debbasch, F. (2016). 

Discrete-time quantum walks in 

random artificial gauge fields. 

Quantum Studies: Mathematics

and Foundations, 3, 293-311 
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Spatial noise 

Averaged on 50 different space

dependant noise 

Noise to peak ratio 𝑟 =
max 𝐵

max 𝜙

Fig. Localization probability 𝑃𝑗
𝑟(𝑁) with spatial noise as a function of j, for different noise-to-signal ratios r

Pretty good tolerance to noise  
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Noisy  

20

Top plots: Probability distribution 𝑑𝑗,𝑝,𝑞
𝑟=1/3

(𝑁) for pN = 200 and 500, at 𝑗1 (left plots) and 𝑗2 (right plots), averaged over 50 realizations

of the spatial noise. Bottom plots: Difference 𝑑
𝑗,𝑝,𝑞

𝑟=
1

3 𝑁 − 𝑑𝑗,𝑝,𝑞(𝑁) between the noisy and the noiseless cases. 

Spatial noise

𝑟 = 0
𝜂82 200 = 160
𝜂82 500 = 163

𝜂172 200 = 127
𝜂331 500 = 242

𝑟 = 1/3
𝜂82 200 = 87
𝜂82 500 = 115

𝜂172 200 = 142
𝜂331 500 = 218



Spatial Noise

• The maximum of the probability distribution remains around the potential center at least up to 𝑟 =
1/3

• The shape of the 𝑗1 peaks is not changed

• 𝑗2 increase as 𝑟 is increase

• The shape of the 𝑗2 peaks is a little bit changed
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Spacetime dependant noise
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Fig. Localization probability 𝑃𝑗
𝑟(2002) as a function of j for different spatiotemporal 

noise-to-signal ratios r

On the long time, uniform

distribution

Average on 20 different

spacetime dependant noise  



CONCLUSION
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• Potential (any smooth function) can be use as an oracle 

• Two differents dynamics with the same walk

• Good robustness to spatial Oracle Noise 

• Tolerance to spacetime dependant Oracle Noise

• Quantum computing implementation doable



What remains to be done ?

• Actual implementation on a quantum computer

• Larger 𝑁 scaling

• Changing the shape of the oracle

• Going deeper in Noise studies
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THANKS FOR YOUR ATTENTION

Please ask as many question as you want: fredonthibault@gmail.com



DIRAC EQUATION IN QW 1D ? 
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In 1D 𝑈 =
cos 𝜖𝑚 −𝑖 sin 𝜖𝑚
−𝑖 sin 𝜖𝑚 cos 𝜖𝑚

𝒮 = 𝑒−𝑖𝜎𝑥𝑚𝜖𝑒𝑖𝜎𝑧𝜖𝜕𝑧

𝜓 𝑧 + 𝜖 = 𝜓 𝑧 + 𝜖𝜕𝑧𝜓 𝑧 + 𝑂 𝜖2 = 𝑒𝑖𝜖𝜕𝑧𝜓 𝑧 + 𝑂(𝜖2)

𝜓𝑗+1 = 𝑒−𝑖𝐻𝐷𝜖𝜓𝑗 → Free Hamiltonian 

evolution within an 𝜖 time step

Quantum walk = unitary discretisation of Dirac equation

𝜓𝑗+1 = 𝑈𝜓𝑗
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